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Harmonic analysis on Qp: complex-valued functions

Denote by dx the Haar measure on the additive group of Q,
normalized by the equality pr dx = 1. The Fourier transform of a
complex-valued function f € L}(Q,) is again a function on Q,
defined as
7O = (FAE) = [ x)7(x)
Q»

where Yy is the canonical additive character.
If Ff € L[1(Qp), then we have the inversion formula

0 = [ x(-x)f(e) de.
K
It is possible to extend F from L1(Qp) N L2(Qp) to a unitary

operator on L3(Qp), so that the Plancherel identity holds in this
case.



In order to define distributions on Qp, we need a class of test
functions. A function f : Q, — C is called locally constant if there
exists such an integer / > 0 that for any x € Q,

fx+x)=f(x) if|Ix] <p™"

The smallest number / with this property is called the exponent of
local constancy of the function f.

Typical examples of locally constant functions are additive
characters, and also cutoff functions like

. <1
0, if[|x]] > 1.

In particular, Q is continuous, which is an expression of the
non-Archimedean properties of Q.



Denote by D(Q,) the vector space of all locally constant functions
with compact supports. Note that D(Q)) is dense in LI(Q,) for
each g € [1,00). In order to furnish D(Q,) with a topology,
consider first the subspace D), C D(Q,) consisting of functions
with supports in a ball

By={xeQ: x|, <p"}, NeZ,

and the exponents of local constancy < /. This space is
finite-dimensional and possesses a natural direct product topology.
Then the topology in D(Q),) is defined as the double inductive limit
topology, so that
. . |
D(Q,) = lim lim Dj.
N—o0 =00
If V C Qpis an open set, the space D(V) of test functions on V' is
defined as a subspace of D(Q,) consisting of functions with
supports in V.



The space D'(Qp) of Bruhat-Schwartz distributions on Q, is
defined as a strong conjugate space to D(Qp). In contrast to the
classical situation, the Fourier transform is a linear automorphism
of the space D(Qp). By duality, F is extended to a linear
automorphism of D’(Qp). There exists a detailed theory of
convolutions and direct products of distributions on Q, closely
connected with the theory of their Fourier transforms.



The Vladimirov operator D%, o > 0, of fractional differentiation, is
defined first as a pseudo-differential operator with the symbol |5

(D*u)(x) = Fe2, [Ty —eu], v € D(Qp),

where we show arguments of functions and their direct/inverse
Fourier transforms. There is also a hypersingular integral
representation giving the same result on D(Q,) but making sense
on much wider classes of functions (for example, bounded locally
constant functions):

(0°6) () = 7—Es [ ™ lulx = ) = uto)] .
Qp



Let us consider the Cauchy problem

du(t, x)
ot

+ (Dpju) (t,x) — Au(t,x) =0, x & By, t>0;
U(O,X) = w(x)a x € By,

where N € Z, By = {x € Q,, |x|, < p"}, ¥ € D(By),

__P~
>\_pOz+1_1

D“ to functions up supported in By and considering the resulting
function D%up only on Bp. Here and below we often identify a
function on By with its extension by zero onto Q. Note that Dy
defines a positive definite operator on L?(By), A is its smallest
eigenvalue.

p®1=N) the operator Dy, is defined by restricting



The solution:

u(x,t) = /ZN(t,x —y)¥(y)dy, t>0,x¢€ By,

By
where
Zn(t,x) = eMZ(x,t) + c(t), x € By,
o
B B 3 (_1)n p—Nan
c(t)=p " —p M1 -p )N Y St T
n=0 '

The kernel Zy is a transition density of a Markov process on By.



Probabilistic interpretation. Let £,(t) be the stochastic process
with independent increments corresponding to the generator D*.
Suppose that £,(0) € By. Denote by £&N)(t) the sum of all jumps
of the process £,(7), 7 € [0, t], whose absolute values exceed p".
Since &, is right continuous with left limits, §&N)(t) is finite a.s.,
§&N)(O) = 0. Let us consider the process

na(t) = ga(t) - ((JzN)(t)'

The processes 7,(t) and 5&"’)(t) are independent processes with
independent increments (Gihman and Skorohod, Stochastic
Processes II).

Since the jumps of 7, never exceed p" by absolute value, this
process remains a.s. in By (due to the ultra-metric inequality). The
above Cauchy problem corresponds to this process.



Harmonic analysis on the additive group of a p-adic ball

Let us consider the p-adic ball By as a compact subgroup of Q.
Any continuous additive character of Q,, has the form x — x(&x),
¢ € Qp. The annihilator {£ € Qp : x(&x) =1 for all x € By}
coincides with the ball B_p. By the Pontryagin duality theorem,
the dual group é;/ to By is isomorphic to the discrete group
Qp/B_p consisting of the cosets

Pm (rO + np + -+ rN—m—le_m_1)+B—N7 ’jl € {07 17 .. '7p_1}7

m € Z,m < N. Analytically, this isomorphism means that any
nontrivial continuous character of By has the form x(¢{x), x € By,
where [¢], > p™V and ¢ € Q,, is considered as a representative of
the class £ + B_y. Note that ||, does not depend on the choice of

a representative of the class.



The Fourier transform on By is given by the formula
(FWA)O = [ X))o ¢ € (Qp\ Bw) U 0}
By

where the right-hand side, thus also Fyf, can be understood as a
function on Q,/B_.



The Riesz kernel

o 2mi

log p

generates a distribution on By extended analytically in « to

F(N)(x) = 1_7P|X

1_ po—1 |,O;_1, Rea >0, a#1 (mod
—p

1—p©

(F0.) = 2p(0) + 7—Es [lot) = (Ol i

By

The emergence of X in the last formula “explains” its role in the
probabilistic construction of a process on By.

Z).



Theorem
The operator Df, o > 0, acts from D(By) to D(By) and admits,
for each ¢ € D(By), the representations:

(i) Dy = f_(g) * o where the convolution is understood in the
sense of harmonic analysis on the additive group of By;

(i)

(Die) () = A+ Ly [ Iy Hele—y) (] dy.
By

(ili) On D(Bp), Dj — Al coincides with the pseudo-differential
operator p }-ﬁl(PN’a}"N(p) where

1—

Pual€) = 1 ta [ W ) ~ 1l o
By

This symbol is extended uniquely from (Qp, \ B_n) U {0} onto
@p/BfN-



[1-Theory of the Vladimirov Type Operator on a p-Adic Ball
The Heat-Like Semigroup.

On a ball By, N € Z, we consider the Cauchy problem (4)-(5). lts
fundamental solution Zy defines a contraction semigroup

(Tw(t)u)(x) = / Zn(t,x — €)u(€) dé
By

on LY(By).

Proposition
The semigroup Ty is strongly continuous.



The Generator.

Denote by Ay the generator of the contraction semigroup Ty on
L'(By). By the Hille-Yosida theorem, Ay has a bounded resolvent
(An + pl)~* for each y > 0. In order to study the domain D(Ay),
we need the following auxiliary result.

Proposition
Let the support of a function u € L}(Q,) be contained in Qp \ B.
Then the restriction to By of the distribution D*u € D'(Qp)
coincides with the constant
1—p®
1—p ol
|x|p>p"

Ry = Ry(u) = ]x\;aflu(x) dx.

The following main result of this section is based on this property.
As before, A denotes the generator of the semigroup S(t) on

LH(Qp)-



Proposition

If 1 € D(A), then the restriction 1y of the function ¢ to By
belongs to D(An), and Ann = (Df; — X) Yy where Dy is
understood in the sense of D'(By), that is 1y is extended by zero
to a function on Qp, D™ is applied to it in the distribution sense,
and the resulting distribution is restricted to By.

In the study of nonlinear equations, this result makes it possible to
use the operator Ay in the investigation of local properties of
functions. This is a substitute for the local Sobolev and
Marcinkiewicz spaces used in the classical literature.
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