
NS1D0 Sequenes and Anti-Pash SteinerTriple SystemsFeli�u SagolsEletrial EngineeringCINVESTAV, M�exio Charles J. ColbournComputer SieneUniversity of VermontBurlington, VT 05405, U.S.A.Marh 22, 2001AbstratWe present an algorithmi onstrution of anti-Pash Steiner triplesystems for orders ongruent to 9 mod 12. This is a Bose-type methodderived from a partiular type of 3-triangulations generated fromnon-sum-one-di�erene-zero sequenes (NS1D0 sequenes). We in-trodue NS1D0 sequenes and desribe their basi properties; in par-tiular we develop an equivalene between the problem of �ndingNS1D0 sequenes and a variant of the n-queens problem. This equiv-alene, and an algebrai haraterization of the NS1D0 sequenesthat produe anti-Pash Steiner triple systems, form the basis of ouralgorithm.1 BakgroundLet X be a �nite set. A set system or on�guration is a pair (X;A), withA � 2X . The order of the set system is jX j. The elements of X are pointsand the elements of A are bloks. A t-(v; k; �) design is a k-uniform setsystem (X;A) of order v suh that eah t-subset of X is ontained in pre-isely � bloks of A. A 2-(v; 3; 1) design is a Steiner triple system of orderv and is denoted by STS(v). See [2℄ for an extensive introdution to triplesystems. A (k; `)-on�guration in an STS (X;A) is a subset of ` bloksin A whose union is a k-element subset of X . The Pash on�guration orquadrilateral is the (6,4)-on�guration on elements (say) a; b; ; d; e; f withbloks fa; b; g; fa; d; eg; ff; d; bg and ff; ; eg. An STS is anti-Pash (orquadrilateral-free) if it does not ontain the (6,4)-on�guration. The exis-tene of anti-Pash Steiner triple systems has been the subjet of numerous1



2 F. Sagols and C.J. Colbournpapers, and has only reently been settled [4℄. Nevertheless, expliit on-strutions of suh systems remains important, in part beause more om-plex problems suh as the existene of anti-Pash resolvable Steiner triplesystems remain open and of pratial onern [1℄.We introdue the onept of 3-triangulation and present without proofsome relevant elementary properties. A detailed study of 3-triangulationsontaining proofs appears in [3℄.Given an odd integer n > 1, a 3-triangulation is an edge-oloration �of Kn with olors f0; : : : ; n � 1g suh that for eah pair i; j of di�erentelements in f0; : : : ; n � 1g, one and only one of the following onditions issatis�ed:3TRIAN-1: Vertex i is inident with exatly two j-olored edges andvertex j is not inident with any i-olored edge.3TRIAN-2: Vertex j is inident with exatly two i-olored edges andvertex i is not inident with any j-olored edge.3TRIAN-3: Vertex i is inident with exatly one j-olored edge and vertexj is inident with exatly one i-olored edge.Given a 3-triangulation � of order n, its Bose graph, denoted B�, hasthe edges of Kn as verties, and two of these verties, say e1; e2; e1 6= e2 areadjaent if and only if one of these two onditions is true:BOSE-1: e1 and e2 are adjaent in Kn and �(e1) = �(e2),BOSE-2: e1 = (�(e2); i) and e2 = (�(e1); j) for some verties i; j in Kn.A BOSE-1 adjaeny is negative and a BOSE-2 adjaeny is positive.For any 3-triangulation �, B� is a 2-regular simple graph (Lemma 5.2in [3℄.)Let � be a 3-triangulation of order n. A funtion � :V (B�) ! f+;�gis a signing of � if, for any pair of adjaent verties in B�, say e1 and e2,�(e1) = �(e2) if and only if the adjaeny between e1 and e2 is positive. �is signable if there exists a signing of �.A 3-triangulation � is signable if and only if eah yle in B� has aneven number of negative adjaenies (Lemma 5.3 in [3℄.)Any signable 3-triangulation of order n yields an STS(3n) using thefollowing algorithm (Theorem 2.1 in [3℄.) This is a Bose type method.Algorithm 1.1 Yields an STS from a 3-triangulationInput: A signable 3-triangulation of order n � with signing �.Output: A Steiner triple system S of order 3n.



NS1D0 Sequenes and Anti-Pash Steiner Triple Systems 3Method:1. X  f(a; i)ja 2 f0; : : : ; n� 1g and i 2 f0; 1; 2gg2. S  ff(a; 0); (a; 1); (a; 2)gja 2 f0; : : : ; n� 1gg3. for eah (a; b) in Kn do4. S  SSff(a; j); (�(a; b); (j �(a; b) 1) mod 3); (b; j)gjj = 0; 1; 2g5. return SThe Steiner triple system indued by a signable 3-triangulation � anda signing �, denoted S�, is the STS produed by this algorithm.Any 3-triangulation � of order n an be assoiated with an algebra(f0; : : : ; n� 1g; Æ) where Æ is the operation:i Æ j = � �(i; j) if i 6= ji if i = j (1)The operation Æ is binary, losed, ommutative, idempotent, and foreah pair of distint elements a; b 2 f0; : : : ; n� 1g the equationsa Æ x = b (2)b Æ y = a (3)with unknowns x and y satisfy exatly one of the onditions:1. There are exatly two solutions for x and none for y.2. There are exatly two solutions for y and none for x.3. There is exatly one solution for x and one for y.We adopt this equivalene as an alternative de�nition of 3-triangulation.We often represent a 3-triangulation by the multipliation table of its al-gebra. Graphially we represent 3-triangulations by drawings like the onegiven in Figure 1. The bases in the triangles represent the edges in Kn,and the verties opposed to the bases represent the olor assigned by the 3-triangulation. This drawing ontains all the struture of the 3-triangulation,in partiular the triangles and adjaenies between triangles are isomorphito the 3-triangulation's Bose yle graph. We use signs near the bases torepresent a signing of the 3-triangulation.2 Conditions on 3-triangulations to generateanti-Pash Steiner triple systemsIn this setion we present the neessary and suÆient onditions for a 3-triangulation to generate an anti-Pash Steiner triple system.
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+          -          ++          -          ++          -          +Figure 1: A 3-triangulation of order 7Proposition 2.1 Let � = (f0; : : : ; v � 1g; Æ) be a signable 3-triangulationof order v and let � be one of its signings. The Steiner triple system induedby � and � is anti-Pash if and only if there do not exist four elementsi; j; k; l in C satisfying one of the following onditions:AP-1: i 6= k; k Æ i 6= j; j Æ (k Æ i) 6= k; j 6= (k Æ (j Æ (k Æ i)));i = j Æ(kÆ(j Æ(kÆ i))), and �(kÆ(j Æ(kÆ i)); j) = �(j; kÆ i) 6= �(k; i) =�(k; j Æ (k Æ i))AP-2: i Æ j 6= j Æ k; i 6= k; i 6= j; j 6= k;(i Æ j) Æ (j Æ k) = i Æ k, and �(i; j) = �(j; k) = �(i Æ j; j Æ k) 6= �(i; k)AP-3: i 6= j; j 6= k; k 6= l; l 6= i;i Æ j = k Æ l, i Æ l = j Æ k, �(i; j) = �(k; l), and �(i; l) = �(k; j)AP-4: i 6= j; j 6= (i Æ (i Æ j)); i 6= i Æ j;i = j Æ (i Æ (i Æ j)), and �(j; i Æ (i Æ j)) = �(i; i Æ j) 6= �(i; j)AP-5: i 6= j; i 6= i Æ j; i 6= (i Æ (i Æ j));j = i Æ (i Æ (i Æ j)), and �(i; j) = �(i; i Æ j) = �(i; i Æ (i Æ j))Proof: If � ontains elements satisfying one of the onditions given, thenthe Steiner triple system indued by � and � ontains one of the Pashon�gurations depited in Figure 2. For example, in AP-1, the onditionsi 6= k; kÆ i 6= j; j Æ (kÆ i) 6= k; and j 6= (kÆ (j Æ (kÆ i))) ensure that the bloksin Figure 2(AP-1) are real triples (no edge degenerates to a vertex) and theonditions i = j Æ (k Æ (j Æ (k Æ i))); and �(k Æ (j Æ (k Æ i)); j) = �(j; k Æ i) 6=�(k; i) = �(k; j Æ (k Æ i)) give the struture of the Pash on�guration.The proof of the ompleteness of these onditions requires a routine butlengthy argument that we omit.
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Figure 2: Pash on�gurations in 3-triangulations



6 F. Sagols and C.J. Colbourn3 Non-sum-one-di�erene-zero sequenesLet n > 1 be an odd integer. A non-sum-one-di�erene-zero sequene oforder n (NS1D0(n) for short) is a sequene a0; a1; : : : a(n�1)=2 of numbersin Zn (with arithmeti mod n) suh that:NS1D0-1: a0 = 0 and a(n�1)=2 = 1,NS1D0-2: 12 does not belong to the sequene,NS1D0-3: for eah i; 1 < i < n, i 6= 12 , only one of the numbers i or 1� ibelongs to the sequene, andNS1D0-4: for eah j = 1; 2; 3; : : : ; n� 1, only one of the numbers j or �jan be expressed as ak � ak�1 for some k 2 f1; : : : ; (n� 1)=2g.The following are examples of NS1D0 sequenes of orders 7, 9, 11, 13,and 15, respetively: 0; 5; 2; 10; 3; 4; 8; 10; 7; 9; 10; 4; 10; 2; 3; 10; 6; 9; 10; 13; 2; 11; 4; 7; 6; 1As we soon see, NS1D0 sequenes an be used to produe 3-triangulations,Steiner triple systems, and anti-Pash Steiner triple systems. We expetthat they an be applied to the generation of other ombinatorial designs.If a0; : : : ; a(n�1)=2 is a NS1D0 sequene, its indutor is a sequene x1, x2,: : :, xn�1 suh that for 1 � i � (n�1)=2, xai�ai�1 = ai and xai�1�ai = ai�1.It follows from ondition NS1D0-4 that the elements in this sequene arewell de�ned. The indutors for the NS1D0 sequenes in our examples are:2; 0; 5; 2; 5; 14; 1; 3; 8; 4; 0; 8; 310; 9; 4; 0; 4; 10; 7; 1; 7; 93; 2; 9; 10; 1; 3; 10; 9; 6; 6; 0; 27; 0; 7; 2; 6; 2; 11; 4; 11; 1; 13; 4; 13; 6Lemma 3.1 Let a0, a1, : : :, a(n�1)=2 be a NS1D0 sequene and let x1, x2,: : :, xn�1 be its indutor. Eah number in the sequene di�erent from 0 and1 appears twie in the indutor, and 0 and 1 appear one eah.



NS1D0 Sequenes and Anti-Pash Steiner Triple Systems 7Proof: For eah i = 1; : : : ; (n � 1)=2 � 1 only xai�ai�1 and xai�ai+1 areequal to ai. Only xa0�a1 is equal to zero and only xa(n�1)=2�a(n�1)=2�1 isequal to one.Proposition 3.2 Eah NS1D0 sequene of order n yields a 3-triangulationof order n.Proof: Let a0; a1; : : : ; a(n�1)=2 be a NS1D0 sequene of order n and letx1; x2; : : : ; xn�1 be its indutor. We laim that (f0; : : : ; n � 1g; Æ) is a 3-triangulation, where Æ is the idempotent and binary operationi Æ j = � i� xi�j + 12 if i 6= j.i if i = j.The equation i Æ � = i with unknown � has only i as a solution, sine ifthere exists another solution �0 di�erent from i then iÆ�0 = i�xi��0+ 12 = i:Thus xi��0 = 12 : But this ontradits ondition NS1D0-2 beause xi��0belongs to fa0; a1; : : : ; a(n�1)=2g.The operation Æ is ommutative, as follows. Let i; j be two di�erentelements in f0; : : : ; n� 1g. From ondition NS1D0-4 there exists a uniquenumber k suh that ak � ak�1 is equal to j � i or i � j; without loss ofgenerality we an assume that ak � ak�1 = j � i. Then xj�i = ak andxi�j = ak�1; so xj�i � xi�j = ak � ak�1 = j � i;i� xi�j = j � xj�i;and thus i Æ j = i� xi�j + 12 = j � xj�i + 12 = j Æ i:Now onsider the system of equationsi Æ � = j (4)j Æ � = i (5)with unknowns � and �. They an be rewritten asi� xi�� + 12 = jj � xj�� + 12 = ior equivalently as xi�� = (i� j) + 12xj�� = (j � i) + 12Suppose �rst that (i � j) + 12 62 f0; 1g. Then by ondition NS1D0-3, only one of (i � j) + 12 or 1 � ((i � j) + 12 ) = (j � i) + 12 belongs to



8 F. Sagols and C.J. ColbournA = fa0; : : : ; a(n�1)=2g. If (i � j) + 12 belongs to A then, by Lemma 3.1,it appears twie in fx1; x2; : : : ; xn�1g, and (j � i) + 12 does not appear, so(4) has two solutions and (5) does not have any. Similarly when (j� i)+ 12belongs to A, (5) has two solutions and (4) does not have any.Finally, if (i�j)+ 12 = 0 then (j� i)+ 12 = 1. It follows from Lemma 3.1that eah of these elements appears one in x1; : : : ; xn�1, and thus eah of(4) and (5) has exatly one solution.The 3-triangulation of order n produed from a NS1D0 sequene a0, : : :,a(n�1)=2 is the 3-triangulation indued by the sequene. The 3-triangulationitself is a NS1D0 3-triangulation with NS1D0 sequene a0; : : : ; a(n�1)=2.4 NS1D0 sequenes and Steiner triple sys-temsHere we study the signability of NS1D0 3-triangulations. Lemma 5.3 in [3℄establishes that a 3-triangulation � is signable if and only if eah yle in itsBose graph B� has an even number of negative adjaenies. So we requirea haraterization of the NS1D0 sequenes that yield 3-triangulations withthis property.The sign-indutor of a NS1D0 sequene a0; : : : ; a(n�1)=2 is a sequenes1; s2; : : : ; sn�1 suh that for 1 � i � (n � 1)=2, sai�ai�1 = sai�1�ai =sign((�1)i�1).Proposition 4.1 Let n > 1 be an odd integer, and let � be a NS1D03-triangulation of order n with NS1D0 sequene a0; : : : ; a(n�1)=2. � issignable if and only if n � 3 (mod 4), in whih ase �(a; b) = sa�b isa signing of �.Proof: Figure 3 depits the 3-triangulation � and the signing �. Thenumber of odd adjaenies is n((n � 1)=2 � 1) = n(n � 3)=2. This isan even number of the form 2p for some positive integer p if and only ifn(n� 3)=2 = 2p or n(n � 3) = 4p. Sine n is odd, n� 3 must be divisibleby 4, and thus n � 3 (mod 4).The Steiner triple system arising from the 3-triangulation and the sign-ing in Proposition 4.1 is the NS1D0 Steiner triple system indued by a0, : : :,a(n�1)=2 and it is denoted by Ta0;:::;a(n�1)=2 . If Ta0;:::;a(n�1)=2 is anti-Pash,then a0; : : : ; a(n�1)=2 is an anti-Pash NS1D0 sequene.Proposition 4.1 restrits the order n of the 3-triangulations that an beobtained from NS1D0 sequenes to numbers ongruent to 3 mod 4. Thusonly for numbers v = 3n � 9 mod 12 an it be possible to �nd a STS(v)indued by a NS1D0 sequene.Table 1 gives some examples of anti-Pash NS1D0 sequenes.



NS1D0 Sequenes and Anti-Pash Steiner Triple Systems 9
a

2
(n-3)a2a1

1
2

1
2

1
2

1
2

2a  +1
2

(n-5)a      +11a  +1 1
2

1
2

1
22a  -1

2
1
22

(n-5)a      - 1
2a  -1

2

a      -(n-3)

1a  +n-1 2a  +n-1

-

n-1 2
(n-3) 

2
(n-5)a      +n-1 a       +n-1

0

2
(n-5)

2
(n-5)

(-1) (-1) 2
(n-3)

+ - 2
(n-5)

(-1) (-1) 2
(n-3)

+ - 2
(n-5)

(-1) (-1) 2
(n-3)

+ -

(-1) 2
(n-3)

2
(n-5)

(-1)
+ -

(-1) 2
(n-3)

2
(n-5)

(-1)
+ -

10

2
3

1
2

(n-3)a + 2a + 1
2 2

(n-5)a      + a      +

2
2

(n-3) a       +1aFigure 3: Bose yle graph for a NS1D0 3-triangulation of order n
Order NS1D0 Sequene7 0 5 2 17 0 6 3 111 0 4 7 2 3 111 0 7 9 10 4 111 0 8 2 3 5 111 0 9 5 8 2 111 0 9 10 5 8 111 0 10 4 7 3 115 0 14 12 3 10 7 11 119 0 2 12 4 3 6 13 9 15 123 0 2 3 7 19 16 10 20 13 18 9 127 0 2 3 6 10 19 4 17 7 13 20 12 23 131 0 2 3 6 10 4 12 7 23 13 24 11 18 27 15 135 0 2 3 6 10 4 9 16 7 15 25 12 23 8 22 5 17 139 0 2 3 6 10 4 9 16 5 22 12 21 13 25 11 32 17 33 14 143 0 2 3 6 10 4 9 16 5 13 30 21 33 20 36 18 32 17 37 15 25 1Table 1: Examples of anti-Pash NS1D0 sequenes



10 F. Sagols and C.J. Colbourn5 NS1D0 sequenes and anti-Pash Steinertriple systemsWe ollet some previous de�nitions and results. If n � 9 (mod 12) is apositive integer, and a0; a1; : : : ; a(n�1)=2 is a NS1D0 sequene with indutorx1; : : : ; xn�1 and sign-indutor s1; : : : ; sn�1, then Ta0;:::;a(n�1)=2 is the STSindued by the 3-triangulation (0; : : : ; n� 1; Æ) and the signing �, where Æis the operation: i Æ j = � i� xi�j + 12 if i 6= ji if i = j (6)and � satis�es: �(i; j) = si�j (7)Proposition 5.1 Ta0;:::;a(n�1)=2 is an anti-Pash STS if and only if there donot exist two numbers a; b 2 f0; : : : ; n�1g suh that one of these onditionsis satis�ed, with a and b hosen in suh a way that the indies into x ands are all di�erent from zero:AP-1': � 12 + a� b+ x(� 12 + b+ x(� 12 � b+ x(� 12 + b+ x(�a)))) = 0s( 12 � b� x(� 12 � b+ x(� 12 + b+ x(�a)))) = s( 12 � b� x(�a)) 6=s(�a) = s( 12 + b� x(� 12 + b+ x(�a)))AP-2': 12 + x(a)� x(a� b)� x(a� b� x(a� b) + x(b)) = 0s(a� b) = s(b) = s(a� b� x(a� b) + x(b)) 6= s(a)AP-3': x(a) � x(b)� x(b+ x(a)� x(b)) + x(a� x(a) + x(b)) = 0s(a) = s(b)s(b+ x(a)� x(b)) = s(a� x(a) + x(b))AP-4': � 12 + a+ x(� 12 � a+ x(� 12 + x(a))) = 0s(� 12 � a+ x(� 12 + x(a))) = s(� 12 + x(a)) 6= s(a)



NS1D0 Sequenes and Anti-Pash Steiner Triple Systems 11AP-5': � 12 � a+ x(� 12 + x(� 12 + x(a))) = 0s(a) = s(� 12 + x(a)) = s(� 12 + x(� 12 + x(a)))Here we have hanged the notation xi and si to x(i) and s(i), respe-tively.Proof: Substitute (6) and (7) in the onditions of Proposition 2.1. Thenmake the following hange of variables:For AP-1: a = i� k, and b = j � kFor AP-2: a = i� k, and b = j � kFor AP-3: a = i� j, and b = k � lFor AP-4: a = i� jFor AP-5: a = i� jProposition 5.1 gives a preise spei�ation of the anti-Pash onditionson NS1D0 sequenes. From the algorithmi point of view, it ensures thatto deide if a NS1D0 sequene is not anti-Pash, it suÆes to employ twovariables, a and b in the proof, both of them in the range from 0 to n. Thisdeision takes O(n2) time, whih improves upon the O(n4) time neededto hek if a 3-triangulation yields an anti-Pash STS using the impliitmethod in Proposition 2.1.6 NS1D0 sequenes and the n-queens prob-lemFinding NS1D0 sequenes is strongly onneted to the n-queens problem.In fat, any known method or heuristi to �nd a solution to the n-queensproblem yields an analogous method or heuristi to �nd NS1D0 sequenes.To explain this equivalene we interpret an NS1D0 sequene of order n asan arrangement of \queens" on a \hess-board" of size n�n. The rows andolumns of the hess-board are indexed from 0 to (n�1) and eah diagonalin the & diretion ontaining one ell with oordinates (i; j) is labeledwith the number (j � i). Thus, given a sequene a0; a1; : : : ; a(n�1)=2 (notneessarily a NS1D0 sequene) of pairwise di�erent numbers in f0; : : : ; ng,its queen arrangement is the set Q = f(ai; ai+1)ji = 0; : : : ; (n � 1)=2 � 1g(the set of queens). In this arrangement the row i is oupied if and only ifthere exists j 2 f0; : : : ; n� 1g suh that (i; j) 2 Q. When this ours, (i; j)
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NS1D0 Sequenes and Anti-Pash Steiner Triple Systems 13Conditions NS1D0-1' to NS1D0-4' are similar to the hek rules in then-queens problem. In a NS1D0 n-queen arrangement the dominane of eahqueen (that does not oupy olumns and rows 0,1) spans two olumns, tworows and four & diagonals, but two queens in the same . diagonal do notdominate eah other.For a NS1D0 sequene of order n its n-queen arrangement is a NS1D0 n-queen arrangement; for an anti-Pash sequene it is an anti-Pash n-queenarrangement. Our interest is in the following problems:Problem 6.1 (NS1D0 n-queens problem.) Given an odd integer n >1 �nd all NS1D0 n-queen arrangements.Problem 6.2 (Anti-Pash n-queen problem) Given an odd integer n >1 with n � 3 (mod 4), �nd all anti-Pash n-queen arrangements.We desribe an algorithmi solution to both problems. Our approahis based in the lassi iterative method to solve the n-queens problem.Equivalent modi�ations ould be done to any other known method.In this algorithm we assume the existene of a data struture to reordthe oupany of rows, olumns and diagonals. All rows, olumns anddiagonals are free when exeution starts. The method looks for all possi-ble queen arrangements that satisfy NS1D0-1' through NS1D0-4', so thoseoutput are in fat all possible NS1D0 sequenes of order n.Algorithm 6.1 Solve the NS1D0 n-queens problem.Input: An odd integer n > 1; n � 3 mod 4.Output: All NS1D0 sequenes of order n.Method:1. Mark rows 1 and 12 , olumns 0 and 12 and diagonal 0 as oupied.2. a[0℄ 03. plaed queens 04. olumn oupied in row[0℄  �15. while plaed queens � 0 do6. row  a[plaed queens℄7. olumn oupied in row[row℄  olumn oupied in row[row℄ + 18. olumn olumn oupied in row[row℄9. if olumn � n then10. olumn oupied in row[row℄  011. plaed queens plaed queens� 112. if plaed queens < 0 then ontinue13. row  a[plaed queens℄



14 F. Sagols and C.J. Colbourn14. olumn olumn oupied in row[row℄15. if row 6= 0 then mark row (1� row) as free16. if olumn 6= 1 then mark olumn (1� olumn) as free17. Mark row row, olumn olumn and diagonals(row � olumn) and (olumn� row) as free.18. ontinue19. if ((olumn = 1) AND (plaed queens < (n� 1)=2� 1)) OR(row row is oupied) OR (olumn olumn is oupied) OR(one of the diagonals (row � olumn) or (row � olumn) isoupied) OR (olumn = 1� row) then ontinue20. plaed queens plaed queens+ 121. a[plaed queens℄ olumn22. olumn oupied by row[olumn℄ �123. if row 6= 0 then mark row (1� row) as oupied.24. Mark row row, olumns olumn and (1� olumn),and diagonals (row � olumn) and (olumn� row) as oupied.25. if plaed queens = (n� 1)=2 then26. display a[0℄; : : : ; a[(n� 1)=2℄An algorithmi solution to the anti-Pash n-queens problem an be ob-tained by an easy modi�ation to Algorithm 6.1 if we hek at eah iterationthat the equations in Proposition 5.1 are satis�ed. Sine we are graduallybuilding the sequene, some parts of the indutors are not available andsome equations annot be evaluated, but if some equation whih an beevaluated is not satis�ed then we an baktrak immediately. In pratiethis is an eÆient pruning method. This modi�ation an be introduedby adding the following line to Algorithm 6.1:19.5 if some equation in Proposition 5.1 an be evaluated and is notsatis�ed then ontinue7 ConlusionsThe onstrution of anti-Pash Steiner triple systems by diret appliationof Bose's method is ompliated by the apparent diÆulty of determin-ing when a partiular quasigroup leads to an anti-Pash system. NS1D0sequenes, in ontrast, arise from algebrai strutures for whih the anti-Pash onditions an be expressed preisely. The lose relationship betweenthe NS1D0 n-queens problem and the n-queens problem together with theanti-Pash onditions of Proposition 5.1 opens a new way to generate anti-Pash STSs. Indeed, NS1D0 sequenes are so well strutured that appearsprobable that expliit onstrutions of anti-Pash NS1D0 sequenes an be
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