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Instructions: Solve all problems of sections 1 and 2 and as many as
possible from section 3. All solutions must be justified appropiately. The
examination will last for three hours..
I. Linear algebra
1.1 Let A be an n x n matrix with entries in the set {0, 1} with exactly
two ones in each column and two ones in each row. Give necessary and

sufficient conditions for the rank of A to be n.

1.2 Let a and b be two real numbers. Find the determinant of the n x n
matrix whose entries are:
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forl<i<mnand1<j<n.

1.3 Determine whether the series )", A’ converges where
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2. Calculus

2.1 Determine whether the following function is differentiable:
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2.2 Prove that
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2.3 Give an example of a sequence z,, of real numbers satisfying the fol-
lowing conditions (if such exists):

(@) x, converges and limn%oo(:vn)% = 1.
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(b) z, diverges and lim,,_,.(z,)» = 1.

(c) z, diverges, is bounded, and limn_m(xn)% exists.

3. Optional problems

3.1 Prove that in R" a set is compact if and only it is closed and bounded.
Is this result true in any metric space?.

3.2 Find lim,_o(limy, o = (1 — A?")), where

3.3 Give an example of a function which is continuous on the irrationals
and discontinuous on the rationals. Justify.

3.4 Let GG be an abelian group with finitely many subgroups. Prove that ¢
is finite.



