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Introduction 1

Formalisms of quantum mechanics:

I Heisenberg: i~dÂ
dt

= i~∂Â
∂t

+ [Â, Ĥ],

I Schrödinger: i~∂Ψ(x , t)
∂t

= H(k̂ , x)Ψ(x , t), k̂ = −i~ ∂

∂x
.

I Feynman: Ψ(x ′′, t ′′) =

∫
K(x ′′, t ′′; x ′, t ′) Ψ(x ′, t ′)dx ′

where

K(x ′′, t ′′; x ′, t ′) =

∫ x′′,t′′

x′,t′
exp

(
2πi
h

∫ t′′

t′
L(q̇, q, t)dt

)
Dq,

and
∫ t′′

t′
L(q̇, q, t) dt = S[q]
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∂t

+ [Â, Ĥ],
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Introduction 2

I K(x ′′, t ′′; x ′, t ′) is the kernel of the corresponding unitary integral operator:

Ψ(t ′′) = U(t ′′, t ′)Ψ(t ′). (1)

K(x ′′, t ′′; x ′, t ′) is also called the probability amplitude.

I The probability amplitude K(x ′′, t ′′; x ′, t ′) plays cental role in the theory
and has the following properties:∫

K(x ′′, t ′′; x , t)K(x , t ; x ′, t ′)dx = K(x ′′, t ′′; x ′, t ′),∫
K̄(x ′′, t ′′; x ′, t ′)K(y , t ′′; x ′, t ′)dx ′ = δ(x ′′ − y),

K(x ′′, t ′′; x ′, t ′′) = lim
t′→t′′

K(x ′′, t ′′; x ′, t ′) = δ(x ′′ − x ′),

I The Feynman’s path integral method is appropriate for the generalizations
to the p-adic case,

Kp(x ′′, t ′′; x ′, t ′) =

∫ x′′,t′′

x′,t′
χp

(
−1

h

∫ t′′

t′
L(q̇, q, t)dt

)
Dq,

where χp(a) is p-adic additive character.
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Introduction 3

I There is well defined Haar measure and integration, and we have∫
Qp

χp(ayx) dx = δp(ay) = |a|−1
p δp(y), a 6= 0,

∫
Qp

χp(αx2 + βx) dx = λp(α) |2α|−
1
2

p χp

(
− β

2

4α

)
, α 6= 0,

where δp(u) is the p-adic Dirac δ function.

I For x =
∑+∞

k=m xk pk , xk = 0, 1, · · · , p − 1, xm 6= 0, we define λp(x):

λp(x) =


1, m = 2j , p 6= 2,(

xm
p

)
, m = 2j + 1, p ≡ 1(mod 4),

i
(

xm
p

)
, m = 2j + 1, p ≡ 3(mod 4),
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Introduction 4

λ2(x) =

{
1√
2

[1 + (−1)xm+1 i], m = 2j ,
1√
2

(−1)xm+1+xm+2 [1 + (−1)xm+1 i], m = 2j + 1,(
xm
p

)
is the Legendre symbol,(

a
p

)
=

{
1, if a ≡ y2(mod p) ,
−1, if a 6≡ y2(mod p) ,

I The functions λp satisfies

λp(a2x) = λp(x), λp(x)λp(−x) = 1,

λp(x)λp(y) = λp(x + y)λp(x−1 + y−1), |λp(x)|∞ = 1, a 6= 0.

Definition 1

Let Λp(x1 , x2 , · · · , xn) =
n∏

i=1

λp(xi )

where subscript p =∞, 2, 3, · · · ,.
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Integration 5

Proposition 1

The functions Λp(x1 , x2 , · · · , xn) satisfy the properties

Λ∞(x1 , x2 , · · · , xn) =
1√
in−1

λ∞(x1 x2 · · · xn) ,

Λp(x1 , x2 , · · · , xn) = λp(1)n−1λp(x1x2 · · · xn)
∏

i<j≤n

(xi , xj )p.

where (xi , xj )p is the Hilbert symbol.

(a, b)p =

{
1, if a x2 + b y2 = z2 has a nontrivial solution in Qp.

−1, if a x2 + b y2 = z2 has only trivial solution in Qp .

I The Hilbert symbol satisfies

λp(a)λp(b) = (a, b)p λp(ab) if p 6= 2,

(a, b)p = (b, a)p, (a, bc)p = (a, b)p (a, c)p.
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Integration 6

Proposition 2

Let x = (x1 , x2 , · · · , xn), y = (y1 , y2 , · · · , yn) be column vectors, and let
B = (Bkl ) be a nonsingular n × n matrix, where xk , yk , Bkl ∈ Qp. Then∫

Qn
p

χp(yT B x) dnx = | det B|−1
p

n∏
k=1

δp(yk ) ,

where yT denotes transpose map of y.

Proposition 3

Let x = (x1, · · · , xn), β = (β1, · · · , βn) be two column vectors, and let
A = (αkl ) be a nonsingular symmetric n × n matrix, where xk , βk , αkl ∈ Qp.
Then

∫
Qn

p

χp(xT Ax + βT x) dnx = Λp(α1, α2, · · · , αn) | det(2 A)|−
1
2

p χp

(
−

1
4
βT A−1β

)
,

where α1, α2, · · · , αn are eigenvalues of the matrix A.
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Integration 7

Corollary 4

Λp(α1 , α2 , · · · , αn) =

{ 1√
in−1 λ∞(det(αkl )), p =∞,∏
i<j≤n(αi , αj )λp(det(αkl )), p 6= 2 .
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Adels 8

I An adele x is an infinite sequence

x = (x∞, x2, · · · , xp, · · · ),

where x∞ ∈ R and xp ∈ Qp with the restriction that for all but a finite set S of
primes p one has xp ∈ Zp, where Zp = {a ∈ Qp : |a|p ≤ 1} is the ring of p-ad-
ic integers.

I Properties of the set of all adels A:

A is a ring with componentwise addition and multiplication, and could
be regarded as

A =
⋃
S

A(S), A(S) = R×
∏
p∈S

Qp ×
∏
p 6∈S

Zp.

A is locally compact topological space,
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Zoran Rakić Path integrals on real, p-adic, and adelic spaces



Functional analysis on A 9

elementary functions on A are

φ(x) = φ∞(x∞)
∏
p∈S

φp(xp)
∏
p 6∈S

Ω(|xp|p), 22 (2)

where φ∞(x∞) is an infinitely differentiable function on R such that
|x∞|n∞φ∞(x∞)→ 0 as |x∞|∞ →∞ for any n ∈ {0, 1, 2, · · · }, and
φp(xp) are locally constant functions with compact support,

all finite linear combinations of elementary functions make the set S(A)

of the Schwartz-Bruhat adelic functions. The Fourier transform of φ(x)

∈ S(A), which maps S(A) onto A, is

φ̃(y) =

∫
A
φ(x)χ(xy)dx ,

where dx = dx∞dx2dx3 · · · is the Haar measure on A.

there are also two kinds of analysis over A : one is related to mapping
A→ A and the other one to A→ C,
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Functional analysis on A 10

in complex-valued adelic analysis the important role plays: additive and
multiplicative characters

χ(x) = χ∞(x∞)
∏

p

χp(xp),

|x |s = |x∞|s∞
∏

p

|xp|sp, s ∈ C,

the set L2(A) is a Hilbert space, with scalar product

(Ψ1,Ψ2) =

∫
A

Ψ̄1(x)Ψ2(x)dx

||Ψ|| = (Ψ,Ψ)
1
2 <∞ ,

where dx is the Haar measure on A.
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Functional analysis on A 11

A basis of L2(A) may be given by the set of orthonormal eigefunctions
in spectral problem of the evolution operator U(t), where t ∈ A. Such
eigenfunctions have the form

ψS,α(x , t) = ψ
(∞)
n (x∞, t∞)

∏
p∈S

ψ(p)
αp (xp, tp)

∏
p 6∈S

Ω(|xp|p),

where ψ(∞)
n and ψ(p)

αp are eigenfunctions in ordinary and p-adic cases,
respectively.
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Quadratic Lagrangians 12

I General quadratic Lagrangian on Qn
p has the form

L(q̇, q, t) =
1
2

q̇T A q̇ + q̇T B q +
1
2

qT C q + DT q̇ + ET qk + ε (3)

I Euler-Lagrange equations:

A q̈ + (Ȧ + B − BT ) q̇ + (Ḃ − C) q = E − Ḋ, (24)

I The solution of the above system has the form:

q = x(t) = F (t) C + ξ(t),

where F (t) = [fkm(t)] ∈ Mn,2n is a solutions of the corresponding system
of homogeneous differential equations, C = [Cm] ∈ M2n,1 is the vector of
constants, and ξ(t) = [ξk (t)] ∈ Mn,1 is a particular solution of the system.
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where F (t) = [fkm(t)] ∈ Mn,2n is a solutions of the corresponding system
of homogeneous differential equations, C = [Cm] ∈ M2n,1 is the vector of
constants, and ξ(t) = [ξk (t)] ∈ Mn,1 is a particular solution of the system.
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I For the boundary conditions x ′k = xk (t ′) and x ′′k = xk (t ′′), we denote by

f i (t ′′, t ′) = [f1i (t ′′), . . . , fni (t ′′), f1i (t ′) . . . , fn i (t ′)]T ,

F = F(t ′′, t ′) =

[
F (t ′′)
F (t ′)

]
=

[
F ′′

F ′

]
= [f1(t ′′), . . . , fn(t ′′), f1(t ′), . . . , fn(t ′)]T

where [f1(t ′′), .., fn(t ′′), f1(t ′), .., fn(t ′)]T is a matrix with rows f1(t ′′), .., fn(t ′)

4 = 4(t ′′, t ′) = detF , xξ = [x ′′1 − ξ′′1 , . . . , x ′′n − ξ′′n , x ′1 − ξ′1, . . . , x ′n − ξ′n]T

4i = 4i (t ′′, t ′) = det[f 1(t ′′, t ′), . . . , f i−1(t ′′, t ′), xξ, f i+1(t ′′, t ′) . . . , f 2n(t ′′, t ′)].

Proposition 5

Imposing the boundary conditions x ′k = xk (t ′) and x ′′k = xk (t ′′), vector of con-
stants of integration C become:

C = C(t ′′, t ′) =
1

4(t ′′, t ′)
[41(t ′′, t ′),42(t ′′, t ′), . . . ,42n(t ′′, t ′)]T
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Lemma 7

The solution of the above system take the form

xk (t) =
1

4(t ′′, t ′)

2n∑
i=1

4i (t ′′, t ′)fki (t) + ξk (t) , k = 1, 2, . . . , n .

where 4(t ′′, t ′) = detF , and 4i (t ′′, t ′) has ordinary meaning.

Theorem 8

Let {f1j , j = 1, 2, . . . , 2 n} be any linearly independent solutions of the resol-
vent equation for x1(t), then solutions fkm(t) for xk (t), k 6= 1, are determined
by the system and the following equality holds

det
[

F (t)
Ḟ (t)

]
=
D

det A
,

where D is an non-zero constant, which could be chosen to be equal to 1.
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Theorem 9

The general form of the action for classical trajectory x(t) of a quadratic
Lagrangian, for a particle being in point x ′ at the time t ′ and in position x ′′

at t ′′, is

S̄(x ′′, t ′′; x ′, t ′) =
1
2

x ′′T Āx ′′ + x ′′T B̄x ′ +
1
2

x ′T C̄x + D̄T x ′′ + ĒT x ′ + ε̄,

where Ā = [Ākl ], B̄ = [B̄kl ], C̄ = [C̄kl ], D̄ = [D̄k ], and Ē = [Ēk ]

Ākl = Ākl (t ′′, t ′) =
∂2S̄0

∂x ′′k ∂x ′′l
, B̄kl = B̄kl (t ′′, t ′) =

∂2S̄0

∂x ′′k ∂x ′l
,

C̄kl = C̄kl (t ′′, t ′) =
∂2S̄0

∂x ′k∂x ′l
, D̄k = D̄k (t ′′, t ′) =

∂S̄0

∂x ′′
,

Ē = Ēk (t ′′, t ′) =
∂S̄0

∂x ′
, ε̄ = ε̄(t ′′, t ′) = S̄0.

and subscript 0 in the classical action means that after performing derivatives
of the S̄(x ′′, t ′′; x ′, t ′) one has to replace x ′′ and x ′ by x ′′ = x ′ = 0.
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Theorem 10

The related coefficients from previous theorem are:

Ākl = Ākl (t ′′, t ′) =
1

24

n∑
t=1

(
α′′lt 4̇k (f ′′t ) + α′′kt4̇l (f ′′t )

)
+
β′′lk + β′′kl

2
,

B̄kl = B̄kl (t ′′, t ′) =
1

24

n∑
t=1

(
α′′kt4̇n+l (f ′′t )− α′lt4̇k (f ′t )

)

C̄kl = C̄kl (t ′′, t ′) =
−1
24

n∑
t=1

(
α′lt4̇n+k (f ′t ) + α′kt4̇n+l (f ′t )

)
− β′lk + β′kl

2
.

where A(t ′′) = (α′′),A(t ′) = (α′),B(t ′′) = (β′′),B(t ′) = (β′),4 = 4(t ′′, t ′)
and

4̇i (f ′j )(t ′′, t ′) = 4̇i (f ′j ) = det[ f ′′1 , .., f
′′
i−1, ḟ

′
j , f
′′
i+1, .., f

′′
n , f
′
1, .., f

′
n ] , i , j = 1, .., n,

4̇i+n(f ′′j )(t ′′, t ′) = 4̇i+n(f ′′j ) = det[ f ′′1 , .., f
′′
n , f
′
1, .., f

′
i−1, ḟ

′′
j , f
′
i+1, .., f

′
n ], i , j = 1, .., n.
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I The corresponding Taylor expansion of the action functional S[q] around
classical path x(t) is

S[q] = S[x + y ] = S[x ] + δS[x ] +
1
2!
δ2S[x ] + . . .

= S[x ] +
1
2

∫ t′′

t′

(
ẏk

∂

∂q̇k
+ yk

∂

∂qk

)2

L(q̇, q, t)dt .

I From δS[x ] = 0, for any p =∞, 2, 3, · · · , we can write

Kp(x ′′, t ′′; x ′, t ′) =

∫
χp

(
−1

h
S[x + y ]

)
Dy .

I Then the following formula holds

Kp(x ′′, t ′′; x ′, t ′) = χp

(
−

1
h

S̄(x ′′, t ′′; x ′, t ′)
)

×
∫ y′′→0,t′′

y′→0,t′
χp

(
−

1
2h

∫ t′′

t′

(
ẏk

∂

∂q̇k
+ yk

∂

∂qk

)2
L(q̇, q, t)dt

)
Dy ,

where we used y ′′ = y ′ = 0, S[x ] = S̄(x ′′, t ′′; x ′, t ′).
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Theorem 11

(i1) Kp(x ′′, t ′′; x ′, t ′) has the form

Kp(x ′′, t ′′; x ′, t ′) = Np(t ′′, t ′)χp

(
−

1
h

S̄(x ′′, t ′′; x ′, t ′)
)
,

where Np(t ′′, t ′) does not depend on end points x ′′ and x ′.

(i2)

|Np(t ′′, t ′)|∞ =

∣∣∣∣∣ 1
hn

det
∂2

∂x ′′k ∂x ′l
S̄0(x ′′, t ′′; x ′, t ′)

∣∣∣∣∣
1
2

p

=

∣∣∣∣det
(

1
h

B̄(t ′′, t ′)
)∣∣∣∣ 1

2

p
.

I We have now

Np(t ′′, t ′) =

∣∣∣∣det
(

1
h
∂2S̄0(x ′′, t ′′; x ′, t ′)

∂x ′′k ∂x ′l

)∣∣∣∣
1
2

p

Ap(t ′′, t ′), (4)

where |Ap(t ′′, t ′)|∞ = 1 and Ap(t ′′, t ′) remains to be determined explicitly.
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where |Ap(t ′′, t ′)|∞ = 1 and Ap(t ′′, t ′) remains to be determined explicitly.
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I We use∫
Qn

p

Kp(y ′′, t ′′; y , t)Kp(y , t ; y ′, t ′) dny = Kp(y ′′, t ′′; y ′, t ′).

to obtain

Theorem 12

The following relation holds

Np(t ′′, t ′) = Np(t ′′, t) Np(t , t ′) Λp(α1, α2, . . . , αn) | det(2H)|−
1
2

p ,

where α1, α2, · · · , αn are eigenvalues of matrix H = C̄(t′′,t)+Ā(t,t′)
−2h .
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I If we put

U = (Uij ), Uij =
1
2
4̇i (fj )(t , t ′)
4(t , t ′)

− 1
2
4̇n+i (fj )(t ′′, t)
4(t ′′, t)

,

H = −2 h H = Ā(t , t ′) + C̄(t ′′, t) = A(t)× U = (wij ) , wij = αi · Uj + αj · Ui ,

where αi is i−th column of matrix A, and Uj is j−th row of matrix U. Then we
obtain,

Theorem 13

The following relations holds,

(i1) detH = det A det 2 U ,

(i2) det 2 U = (−1)n 4(t ′′, t ′)
4(t ′′, t)4(t , t ′)

det
[

F (t)
Ḟ (t)

]
,

(i3) detH = (−1)n 4(t ′′, t ′)
4(t ′′, t)4(t , t ′)

, and det 2H =
1
hn

4(t ′′, t ′)
4(t ′′, t)4(t , t ′)
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I Now from (4) and Theorem 13 (i3), we see that relation from Theorem will
be satisfied for

Np(t ′′, t ′) = λp(1)1−n λp

(
det(
−1
2h

∂2

∂x ′′∂x ′
S̄0(x ′′, t ′′; x ′, t ′))

)

×
∣∣∣∣1h ∂2

∂x ′′∂x ′
S̄0(x ′′, t ′′; x ′, t ′)

∣∣∣∣
1
2

p

and, finally we have the following generalization of known cases

Theorem 14

The p-adic kernel Kp(x ′′, t ′′; x ′, t ′) of the unitary evolution operator and eva-
luated as the Feynman path integral, for quadratic Lagrangians has the
form

Kp(x ′′, t ′′; x ′, t ′) = λp(1)1−nλp

(
det(
−1
2h

∂2

∂x ′′∂x ′
S̄0(x ′′, t ′′; x ′, t ′))

)

×
∣∣∣∣1h ∂2

∂x ′′∂x ′
S̄0(x ′′, t ′′; x ′, t ′)

∣∣∣∣
1
2

p
χp

(
−1
h

S̄(x ′′, t ′′; x ′, t ′)
)
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I Adelic path integral can be introduced as a generalization of ordinary and
p-adic path integrals. As adelic analogue it is related to eigenfunctions in ade-
lic quantum mechanics in the form

ψS,α(x ′′, t ′′) =

∫
A
KA(x ′′, t ′′; x ′, t ′)ψS,α(x ′, t ′)dx ′,

where ψS,α(x , t) has the form (2) and adelic propagator KA(x ′′, t ′′; x ′, t ′)
does not depend on S.

I Above equation must be valid for any set S of primes p, and adelic eigen-
state is an infinite product of real and p-adic eigenfunctions, it is natural to
consider adelic propagator in the following form:

KA(x ′′, t ′′; x ′, t ′) = K∞(x ′′∞, t
′′
∞; x ′∞, t

′
∞)
∏

p

Kp(x ′′p , t
′′
p ; x ′p, t

′
p), (5)

where K∞(x ′′∞, t ′′∞; x ′∞, t ′∞) and Kp(x ′′p , t ′′p ; x ′p, t ′p) are propagators in ordinary
and p-adic quantum mechanics, respectively.
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I From (5) we see that one can introduce adelic path integral as an infinite
product of ordinary and p-adic path integrals for all primes p, and (5) one
can rewrite as

KA(x ′′, t ′′; x ′, t ′) =

∫ x′′,t′′

x′,t′
χA

(
−1

h
SA[q]

)
DAq, (6)

where χA(x) is adelic additive character, SA[q] and DAq are adelic action,
and the Haar measure, respectively.

I For practical considerations, we define adelic path integral in the form

KA(x ′′, t ′′; x ′, t ′) =
∏

p

∫ x′′p ,t
′′
p

x′p,t
′
p

χp

(
−1

h

∫ t′′p

t′p

L(q̇p, qp, tp)dtp

)
Dqp, (7)

where index p =∞, 2, 3, · · · , · · · denotes real and all p-adic cases.
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I Adelic Lagrangian is the infinite sequence

LA(q̇, q, t) = (L(q̇∞, q∞, t∞), L(q̇2, q2, t2), L(q̇3, q3, t3), · · · , L(q̇p, qp, tp), · · · ), (8)

where |L(q̇p, qp, tp)|p ≤ 1 for all primes p but a finite set S of them.

I Consequently, an adelic quadratic Lagrangian looks like (8), where each
element L(q̇p, qp, tp) is quadratic Lagrangian as in (3) .

I Taking into account results obtained in the previous section, we can write
adelic path integral for quadratic Lagrangians (and consequently, quadratic
classical actions) as

K(x ′′, t ′′; x ′, t ′) =
∏

p

λp(1)1−nλp

[
det

(
− 1

2h
∂2

∂x ′′(p)k∂x ′(p)l
S̄0(x ′′p , t

′′
p ; x ′p, t

′
p)

)]
(9)

×

∣∣∣∣∣det

(
1
h

∂2

∂x ′′(p)k∂x ′(p)l
S̄0(x ′′p , t

′′
p ; x ′p, t

′
p)

)∣∣∣∣∣
1
2

p

χp

(
−1

h
S̄(x ′′p , t

′′
p ; x ′p, t

′
p)

)
.
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I Note that vacuum state Ω(|xp|p) transforms as

Ω(|x ′′p |p) =

∫
Qp

Kp(x ′′p , t
′′
p ; x ′p, t

′
p)Ω(|x ′p|p)dx ′p =

∫
Zp

Kp(x ′′p , t
′′
p ; x ′p, t

′
p)dx ′p. (10)

I As a consequence of (10) one has∫
Zp

Kp(x ′′p , t
′′
p ; xp, tp)Kp(xp, tp; x ′p, t

′
p)dxp = Kp(x ′′p , t

′′
p ; x ′p, t

′
p), (11)

which may be regarded as an additional condition on p-adic path integrals in
adelic quantum mechanics for all but a finite number of primes p.

I Conditions (10) and (11) impose a restriction on a dynamical system to be
adelic.
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p ; x ′p, t

′
p)Ω(|x ′p|p)dx ′p =

∫
Zp

Kp(x ′′p , t
′′
p ; x ′p, t

′
p)dx ′p. (10)

I As a consequence of (10) one has∫
Zp

Kp(x ′′p , t
′′
p ; xp, tp)Kp(xp, tp; x ′p, t

′
p)dxp = Kp(x ′′p , t

′′
p ; x ′p, t

′
p), (11)

which may be regarded as an additional condition on p-adic path integrals in
adelic quantum mechanics for all but a finite number of primes p.

I Conditions (10) and (11) impose a restriction on a dynamical system to be
adelic.
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Concluding remarks

I In this work we derived general expressions for propagators
K(x ′′, t ′′; x ′, t ′) in ordinary, p-adic and adelic quantum mechanics for
Lagrangians L(q̇, q, t) which are polynomials at most the second degree
in dynamical variables q̇k and qk , where k = 1, 2, · · · , n.

I The formalism of ordinary and p-adic path integrals can be regarded as the
same at different levels of evaluation, and the obtained results have the same
form.

I In fact, this property of number field invariance has to be natural for general
mathematical methods in physics and fundamental physical laws (see
Volovich, Number theory as the ultimate physical theory).
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