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Introduction

Throughout the whole talk K will be a non-archimedean field which is
complete with respect to a non-archimedean valuation |·|.

As we know, there are some pathological properties of
non-archimedean fields which make them essentially different from R

and C.

First of all, non-archimedean fields (or Banach spaces) are totally
disconnected.

In the archimedean situation, we have the following theorem:

Theorem
Let L be a field with an arquimedean valuation |·|∼. Then, If L contains
the complex numbers field C, then |·|∼|C 6= |·| (here, |·| is the absolute
valued on C) unless C = L.
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Introduction

Meanwhile, in the non-archimedean fields, we have:

Theorem (Krull’s Theorem)

Let K be a subfield of a field L, let |·| be a non-archimedean valuation on
K. Then, there exists a non-archimedean valuation on L that extends |·| .

Therefore, the counterpart of the Gelfand-Mazur Theorem, which
asserts that any commutative Banach algebra such that each nonzero
element is invertible, then it is isometrically isomorphic to the
complex field, doen´t work in this context.
As a consequence of this fact, one finds a bounded linear operators
with empty spectrum (if we define the spectrum in the same way as
in the classical situation). For example, if α ∈ L \K, then

Mα : L→ L; l → αl

is such an operator (here, L is a Banach space over K).
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Introduction

The spectral theory of bounded linear operators, in the
non-archimedean situation, was constructed by M. Vishik for a class
of operators that he called analytic operators with compact spectrum
(the ground field here is assumed to be algebraically closed with
non-trivial valuation).

As in any kind of operator theory, a central problem is a construction
and study the spectral decomposition. In the non-archimedean case,
there are several results in this direction.

The main diffi culties here are the absence of nontrivial involution and
absence of inner products coordinated with the norms of the Banach
spaces.
Thus, the non-archimedean linear algebra is quite different from the
classical one.
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Algebras

Let us take a commutative Banach algebra A with identity.

The spectrum Sp (A) is the set of all non-null homomorphism from
A into a complete non-archimedean valued field L which contains K

and its valuation coicide with |·| .
Let us consider the weakest topology for which all homomorphism of
Sp (A) are continuous.

Theorem
The spectrum Sp (A) is nonempty, compact Hausdorff space.
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Algebras

A commutative Banach algebra A with unity is called a C -algebra if
there exists a zero-dimensional compact Hausdorff space X such that

A ∼= C (X ,K) (or simply, C (X ) ).

This zero-dimensional compact Hausdorff space X is unique up to
homeomorphism.
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Algebras

Let us take a non-archimedean Banach space B over K and a
bounded linear operator T : B → B.

We denote by LT the closure commutative Banach algebra generated
by T and the unit operator Id . Actually,

LT = K [T ].

As we know, Sp (LT ) is not empty and a compact Hausdorff space.
Therefore, we count with the following theorem:

Theorem

If LT satisfies
∥∥S2∥∥ = ‖S‖2 for all S ∈ LT (power multiplicative) and all

φ ∈ Sp (LT ) take their values in K, then Sp (LT ) is totally disconnected
and LT is isometrically isomorphic to C (Sp (LT ))

If LT satisfies the condition of the theorem, we will say that LT is a
C−Algebra.
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Preliminaries

If K = Qp and

T =

 p p 0
0 p 0
0 0 1

 ,
then LT is not a C−algebras. In this case, there exist a polinomial
q ∈ Qp [t] such that

∥∥∥q (T )2∥∥∥ 6= ‖q (T )‖2 .

In general,

Definition
A commutative Banach algebra A is called a C-algebra if there exists a
locally compact zero-dimensional Hausdorff space X such that A is
isometrically isomorphic to C∞ (X ) , where C∞ (X ) is the space of all
continuous functions from X into K which vanishes at infinity.
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Free Banach spaces (Diarra, B)

A non-archimedean Banach space E is said to be Free Banach space if
there exists a family {ei}i∈J of non-null vectors of E such that any
element x of E can be written in the form of convergent sum

x = ∑
i∈J
xiei , xi ∈ K and lim

i∈I
|xi | ‖ei‖ = 0

and
‖x‖ = sup

i∈J
|xi | ‖ei‖ .

The family {ei}i∈J is called orthogonal basis of E .
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Free Banach spaces

Now, any linear continuous operator u : E → E can be represented in a
unique way as: for x = ∑i∈I xiei

u (x) = ∑
(i ,j)∈I×I

αije ′j ⊗ ei (x) ; with lim
j∈I
|αij |

∥∥e ′j ⊗ ei (x)∥∥ = 0
where αij ∈ K and e ′j ⊗ ei (x) = e ′j (x) ei and e ′j (x) = xj .
At the same time, each continuous linear operator u : E → E is in
correspondence with a infinite matrix

Au = (αij )(i ,j)∈I×I
On the other hand, the operator norm of u is very well know as

‖u‖ = sup
x 6=0

‖u (x)‖
‖x‖ ,

but, for Free Banach spaces, it can be shown that

‖u‖ = sup
i∈I

‖u (ei )‖
‖ei‖
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Free Banach spaces

If s : J → (0,∞) , then an example of Free Banach space is

c0 (J,K, s) ,

the collection of all x = (xi )i∈J such that for any ε > 0, the set
{i ∈ J : |xi | s (i) > ε} is, at most, finite and

‖x‖ = sup
i∈J
|xi | s (i) .

We already know that a Free Banach space E is isometrically isomorphic
to c0 (J,K, s) , for some s : J → (0,∞) .
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Preliminaries

Let us consider the Free Banach space B = c0 (N,K) (or simply,
c0 ), the space of all sequences converging to 0, provided to the
supremum norm

‖x‖∞ = sup
n∈N

|xn |

In this case, s : N→ (0,∞) is precisely the constant function 1 in
the previous slice.

Now, our goal of this talk is to present certain class of
non-archimedean fields for which LT is a C−algebra.
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Preliminaries

We will denote by k the residue class field of a non-archimedean field
K.

A field F is called formally real if

n

∑
i=1
a2i = 0⇒ ai = 0; i = 1, 2, . . . , n.

Of course, R is formally real, meanwhile C is not. Another field which
is not formally real is the residue class field of Qp , because it is finite.
The residue class field of the Levi-Civita field is formally real.
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a2i = 0⇒ ai = 0; i = 1, 2, . . . , n.
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Preliminaries

From now on, we assume that the residue class field of K is formally
real.

Let us consider the bilinear form

〈·, ·〉 : c0 × c0 → K; (x , y)→ 〈x , y〉 =
∞

∑
n=1

xnyn

It is well-defined since limn→∞ xnyn = 0 and satisfies

x 6= θ ⇒ 〈x , x〉 6= 0
〈ax + by , z〉 = a 〈x , z〉+ b 〈y , z〉

|〈x , y〉| ≤ ‖x‖∞ ‖y‖∞

And it may happen that

|〈x , x〉| < ‖x‖2∞
for some x ∈ c0.
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Preliminaries

Theorem (Narici & Beckenstain)
This symetric bilinear form on c0 is an inner product which induces the
original norm if and only if the residue class field of K is formally real.
Moreover,

|〈x , x〉| = ‖x‖2∞
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Preliminaries

Under our assuption, ‖·‖∞ is coming from the inner product 〈·, ·〉.
So, c0 looks like a Hilbert space.

If 1 < |λ1| < |λ2| < · · · < 2 and M = {x ∈ c0 : ∑∞
n=1 xnλn = 0} ,

then
M⊥ = {θ} .

Then, c0 is not orthomodular.
Even more, we have the following theorem:

Theorem (Soler)
Let E be an orthomodular infinite dimensional space and suppose it
contains an orthogonal sequence e1,e2,· · · (in the sense of an inner
product). Then, the base field is

R or C.

Therefore, we don´t have infinite dimensional Hilbert spaces in the
non-archimedean context.
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Algebras

If we define in c0 the operation

λ · µ = (λiµi )i∈N ; λ, µ ∈ c0,

then c0 is a commutative Banach algebra without unity.

As we know, c0+ := K⊕ c0 with the operations

(α,λ) + (β, µ) = (α+ β,λ+ µ)

(α,λ) · (β, µ) = (αβ, βλ+ αµ+ λ · µ) ,
and with

‖(α,λ)‖ = max {|α| , ‖λ‖} ,
is a commutative Banach algebra with unity (1, θ).
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C-algebras

Theorem
Let B be a commutative Banach algebra and let E be the set of all
idempotent elements with norm less than or equal to 1. Then, the
following statements are equivalent:

1 B is a C-algebra;

2 B+ is a C-algebra;

3 The spanned subspace by E is dense in B.

Example

c0 and c0+ are C -algebras.
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Adjoint operators

Another mayor difference compared to the classical Hilbert spaces is
related with the linear continuous operators;

in the non-archimedean context these operators do not necessarily
have an adjoint. For example

T : c0 → c0; Tx =

(
∞

∑
n=1

xn

)
e1

It is possible to prove that a continuous linear operator T : c0 → c0
admits an adjoint if and only if, for each y ∈ c0,

lim
n→∞
〈Ten, y〉 = 0.
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Compact operators

It is known that T from E into F is compact if and only if, for each
ε > 0, there exists a linear operator of finite-dimensional range S
such that

‖T − S‖ ≤ ε.

Now, if E = F = c0 and if T admits an adjoint, then they are
equivalents:

1 T is compact
2 limn→∞ Ten = 0
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Orthonormal System

Let us take an infinite orthonormal sequence

J = {yn ∈ c0 : n ∈N} ,

that is, for each pair n,m ∈N, n 6= m,

〈yn, ym〉 = 0 and ‖yn‖∞ = 1.
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Orthogonal projections and compact operators

For any j ∈N, we define the operator Pj : c0 → c0 by

Pj (·) =
〈
·, y j

〉
〈y j , y j 〉y

j

it is easy to check that Pj ∈ L(c0) and it is an orthonormal
projection, which means,

Pk ◦ Pj =
{

θ if k 6= j
Pj if k = j

; ‖Pj‖ = 1

On the other hand, for any λ ∈ c0, the operator Tλ defined by

Tλ(·) = ∑
j∈N

λjPj (·)

is a compact and self-adjoint operator and

‖Tλ‖ = ‖λ‖∞.
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For any j ∈N, we define the operator Pj : c0 → c0 by

Pj (·) =
〈
·, y j

〉
〈y j , y j 〉y

j

it is easy to check that Pj ∈ L(c0) and it is an orthonormal
projection, which means,

Pk ◦ Pj =
{

θ if k 6= j
Pj if k = j

; ‖Pj‖ = 1

On the other hand, for any λ ∈ c0, the operator Tλ defined by

Tλ(·) = ∑
j∈N

λjPj (·)

is a compact and self-adjoint operator and

‖Tλ‖ = ‖λ‖∞.
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C-algebras

Let us consider the collection

SJ = {αId + Tλ ∈ L (c0) : α ∈ K, λ ∈ c0}

Tλ(·) = ∑
j∈N

λjPj (·)

Note that if j ∈N, α = 0 and λ = ej , then Tej = Pj ∈ SJ.
On the other hand, since

Tλ ◦ Tµ = Tλµ and Tλ + Tµ = Tλ+µ,

we have

(αId + Tλ) ◦
(

βαId + Tµ

)
= αβId + Tαµ+βλ+λµ ∈ SJ.

Thus, SJ is a commutative algebra with unity.
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C-algebras

Now, if αId + Tλ ∈ SJ, then ‖αId + Tλ‖ = max {|α| , ‖Tλ‖} .

In fact, if |α| 6= ‖Tλ‖ or |α| = ‖Tλ‖ = 0, then
‖αId + Tλ‖ = max {|α| , ‖Tλ‖}.

Suppose that |α| = ‖Tλ‖ 6= 0. Since T is a compact operator,
limj∈N Tλ (ej ) = θ,

and then there exists an N ∈N such that

‖Tλ (ej )‖ <
|α|
2
< |α| ; ∀j ≥ N.

As a consequence,

‖αId + Tλ‖ = sup
j∈N

‖(αId + Tλ) (ej )‖

= |α| = max {|α| , ‖Tλ‖}
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C-algebras

Theorem

The algebras c+0 and SJ are isometrically isomorphic and, as a
consequence, SJ is a C-algebra.

Proof.

The linear mapping Λ : c+0 → SJ, defined by

Λ(α,λ) = αId + Tλ,

is an isomorphism of algebras. Now, since ‖λ‖∞ = ‖Tλ‖, we have

‖(α,λ)‖ = max{|α|, ‖λ‖∞} = max{|α|, ‖Tλ‖} = ‖αId + Tλ‖.
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Compact and self-adjoint operator

Let us fix an element T = Tλ ∈ SJ, where λ = (λn) ∈ c0 and

T =
∞

∑
n=1

λnPn,

Then, LT is the closure K [T ].
By properties of C -algebras, LT is a C -algebra since it is closed
Banach subalgebra of SJ.
On the other hand, since SJ has the power multiplicative norm
property, LT inherits such property.
Under the conditions that LT is a power multiplicative C -algebra
and Sp (LT ) is compact, we conclude that LT is isometrically
isomorphic to the space of all continuous functions C (Sp (LT ))
provided by the supremum norm, that is, there exists an isomorphism
of algebras

Ψ : LT → C (Sp (LT ))
such that, for all H ∈ LT , ‖H‖ = ‖Ψ (H)‖∞ .
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Compact and self-adjoint operator

For purposes of this talk, we will assume that the range of the
sequence λ is infinite and λn 6= λm , n 6= m.

Let us denote by σ (T ) = {λn : n ∈N} ∪ {0} . Of course, this set is
the collection of all eigenvalues of T .

Let us consider the unique homomorphism of algebra

φn : LT → K, n ∈N∪ {0}

such that
φn (T ) = λn.

We claim that {φn : n ∈N∪ {0}} can be identified with

Sp (LT ) .
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Compact and self-adjoint operator

In fact, the next function is well-defined and is injective:

Γ : σ (T )→ Sp (LT ) ; λn 7−→ Γ (λn) = φn

The following result is the clue to prove that Γ is bijective:

Proposition

If z /∈ σ (T ) , then zId − T is invertible in SJ.

Proof.
For y ∈ Range (zId − T ) , there exists x ∈ c0 such that (zId − T ) (x) = y
Since z /∈ σ (T ) , we can solve the above equation for x and get

x =
1
z
y +

1
z
Tx =

1
z
y +

1
z

∞

∑
n=1

λi

〈
x , y (n)

〉
〈
y (n), y (n)

〉y (n)
Applying the continuous functional

〈
·, y (k )

〉
to x , we get the sequence

µ =

(
1
z

λk
z − λk

)
n∈N

∈ c0

and
(zId − T )−1 (·) = 1

z
Id (·) + Tµ (·) ∈ SJ.
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Compact and self-adjoint operator

Corollary

If z /∈ σ (T ) , then (zId − T )−1 ∈ LT .

Proof.
We already know that SJ is a C -algebra with unity and zId − T is
invertible in SJ. By a theorem of the general theory, we conclude

(zId − T )−1 ∈ K [zId − T ] ⊂ LT .
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Compact and self-adjoint operator

Proposition
The function Γ is bijective.

Proof.
By above, Γ is injective. If φ ∈ Sp (LT ) , then φ (T ) = z , for some z ∈ K.
Suppose that z /∈ σ (T ) , hence zId − T has an inverse and, by the
previous corollary, (zId − T )−1 ∈ LT . Since the function φ is a
homomorphism between algebras with unities, we have

1 = φ (Id) = φ
(
(zId − T )−1 ◦ (zId − T )

)
= φ

(
(zId − T )−1

)
φ (zId − T ) ,

but, by the linearity of φ, the factor φ (zId − T ) is null, which is a
contradiction. Thus, if φ ∈ Sp (LT ) .
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Compact and self-adjoint operator

Remark
We have already identified Sp (LT ) with σ (T ) through the bijective
function Γ. Let us consider the induced topology by K on σ (T ) . Note
that σ (T ) is compact.

Proposition

σ (T ) is homeomorphic to Sp (LT )

Proof.
It follows from the fact that

Γ : σ (T )→ Sp (LT ) ; λn 7−→ Γ (λn) = φn

is a homeomorphism.
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Compact and self-adjoint operator

By this proposition and by the uniqueness of X (up to
homeomorphism) for which LT ∼= C (X ) , we have

LT ∼= C (Sp (LT )) ∼= C (σ (T )) .

Let us identify th isometric isomorphism.
The identity function

fT : σ (T )→ K;

λn 7−→ fT (λn) = λn,

in C (σ (T )) .
Since

‖fT ‖∞ = sup {|λn | : n ∈N} = ‖T‖ ,
we define the homomorphism of algebra

G : K [T ]→ C (σ (T ))

by G (T ) = fT
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Isometric Isomorphism

Clearly, this G sends
{
Id ,T ,T 2,T 3, . . .

}
into

{
1, fT , f 2T , f

3
T , . . .

}
and

it is an isometry.

Now, since
LT = K [T ] = [{Id ,T ,T 2,T 3, . . .}]

G can be extended to LT .
Now, by the compactness of σ (T ) and a result of the general theory
guarantees that

{
1, fT , f 2T , f

3
T , . . .

}
is also dense in C (σ (T )) .

G : LT → C (σ (T )) ; H → G (H) = GH

is the isometry isomorphism which is well-known as The Gelfand
Transformation.

Aguayo, J., Nova, M. and Ojeda, J. Universidad de Concepción-Chile ()Representation theorem for operators on Free Banach spaces of countable type
Sixth International Conference on p-Adic Mathematical Physics and its Applications Mexico-City, October 23rd-27th, 2017 34

/ 49



Isometric Isomorphism

Clearly, this G sends
{
Id ,T ,T 2,T 3, . . .

}
into

{
1, fT , f 2T , f

3
T , . . .

}
and

it is an isometry.

Now, since
LT = K [T ] = [{Id ,T ,T 2,T 3, . . .}]

G can be extended to LT .

Now, by the compactness of σ (T ) and a result of the general theory
guarantees that

{
1, fT , f 2T , f

3
T , . . .

}
is also dense in C (σ (T )) .

G : LT → C (σ (T )) ; H → G (H) = GH

is the isometry isomorphism which is well-known as The Gelfand
Transformation.

Aguayo, J., Nova, M. and Ojeda, J. Universidad de Concepción-Chile ()Representation theorem for operators on Free Banach spaces of countable type
Sixth International Conference on p-Adic Mathematical Physics and its Applications Mexico-City, October 23rd-27th, 2017 34

/ 49



Isometric Isomorphism

Clearly, this G sends
{
Id ,T ,T 2,T 3, . . .

}
into

{
1, fT , f 2T , f

3
T , . . .

}
and

it is an isometry.

Now, since
LT = K [T ] = [{Id ,T ,T 2,T 3, . . .}]

G can be extended to LT .
Now, by the compactness of σ (T ) and a result of the general theory
guarantees that

{
1, fT , f 2T , f

3
T , . . .

}
is also dense in C (σ (T )) .

G : LT → C (σ (T )) ; H → G (H) = GH

is the isometry isomorphism which is well-known as The Gelfand
Transformation.

Aguayo, J., Nova, M. and Ojeda, J. Universidad de Concepción-Chile ()Representation theorem for operators on Free Banach spaces of countable type
Sixth International Conference on p-Adic Mathematical Physics and its Applications Mexico-City, October 23rd-27th, 2017 34

/ 49



Isometric Isomorphism

Clearly, this G sends
{
Id ,T ,T 2,T 3, . . .

}
into

{
1, fT , f 2T , f

3
T , . . .

}
and

it is an isometry.

Now, since
LT = K [T ] = [{Id ,T ,T 2,T 3, . . .}]

G can be extended to LT .
Now, by the compactness of σ (T ) and a result of the general theory
guarantees that

{
1, fT , f 2T , f

3
T , . . .

}
is also dense in C (σ (T )) .

G : LT → C (σ (T )) ; H → G (H) = GH

is the isometry isomorphism which is well-known as The Gelfand
Transformation.

Aguayo, J., Nova, M. and Ojeda, J. Universidad de Concepción-Chile ()Representation theorem for operators on Free Banach spaces of countable type
Sixth International Conference on p-Adic Mathematical Physics and its Applications Mexico-City, October 23rd-27th, 2017 34

/ 49



Boolean ring

Let us denote by Ω (σ (T )) the Boolean ring of all clopen subsets of
σ (T ) . Of course, ηC is continuous if and only if C ∈ Ω (σ (T )) .
Note that the elements of Ω (σ (T )) can be classified as follows: the first
type are those which are finite subsets of σ (T ) \ {0} and the second type
are those which are complement on σ (T ) of the first type.
Denoting by Φ = G−1 : C (σ (T ))→ LT , we have

Φ (ηC ) = Φ
(
η2C
)
= Φ (ηC )

2 .

In other words, Φ (ηC ) is a projection in LT and if C ∈ Ω (σ (T )) \ {∅} ,
then Φ (ηC ) is a non-null.
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Density

On the other hand, by the fact that the linear hull of
{ηC : C ∈ Ω (σ (T ))} is dense in C (σ (T )), for any fixed f ∈ C (σ (T ))
and ε > 0, there exists a finite clopen partition {Ck : k = 1, . . . , s} of
σ (T ) and a finite collection of scalars {αk : k = 1, . . . , s} such that∥∥∥∥∥f − s

∑
k=1

αkηCk

∥∥∥∥∥
∞

= sup
x∈σ(T )

∣∣∣∣∣f (x)− s

∑
k=1

αkηCk (x)

∣∣∣∣∣ < ε

Since {Ck : k = 1, . . . , s} is a clopen partition of σ (T ) , only one of these
sets is of second type, say C1 = σ (T ) \ {λm1 ,λm2 , . . . ,λmn} .
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Density

From this, ∪sk=2Ck = {λm1 ,λm2 , . . . ,λmn} . Using the characteristic
functions properties and the fact that the single subsets {λk} belong to
Ω (σ (T )), we can rewrite as follows:∥∥∥∥∥f −

[
α1ησ(T ) +

n

∑
l=1
(αl − α1) η{λml }

]∥∥∥∥∥
∞

= sup
x∈σ(T )

∣∣∣∣∣f (x)−
[
f (λn0) ησ(T ) (x) +

n

∑
l=1
[f (λml )− f (λn0)] η{λml } (x)

]∣∣∣∣∣
< ε
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Isometric Isomorphism

Using the isometry Φ, we have∥∥∥∥∥Φ (f )−
[
f (λn0) Id +

n

∑
l=1
[f (λml )− f (λn0)]El

]∥∥∥∥∥ < ε,

where El is the corresponding projection Φ
(

η{λml }
)
. At the same time,

shows that the space generated by
{
E ∈ LT : E 2 = E

}
is dense in LT .
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Spectral measure

Let us consider the following set-function:

mT : Ω (σ (T ))→ LT ; C 7−→ mT (C ) = Φ (ηC ) = EC .

mT is a finite additive measure valued-projection which is known as
spectral measure associated to LT .

Aguayo, J., Nova, M. and Ojeda, J. Universidad de Concepción-Chile ()Representation theorem for operators on Free Banach spaces of countable type
Sixth International Conference on p-Adic Mathematical Physics and its Applications Mexico-City, October 23rd-27th, 2017 39

/ 49



Integral

For f ∈ C (σ (T )) and α = {C1,C2, . . . ,Cn; x1, x2, . . . , xn} ∈ D, where
σ (T ) = tnk=1Ck , we define

ωα(f ,mT , σ (T )) =
n

∑
k=1

f (xk )mT (Ck ) =
n

∑
k=1

f (xk )ECk .

and since the function f can be reached by a net{
n

∑
k=1

f (xk ) ηCk

}
α∈D

in C (σ (T )) , the isometry of Φ allows us to get

lim
α∈D

ωα(f ,mT , σ (T )) = Φ (f )
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Integral

Therefore, the operator Φ (f ) is interpreted as an integral, that is,

Φ (f ) =
∫

σ(T )
fdmT = lim

α∈D
ωα(f ,mT , σ (T ))
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Integral

For example, for fT , η{λn} or f ≡ 1, their respective integral are

T = Φ (fT ) =
∫

σ(T )
fT dmT ;

En =
∫

σ(T )
η{λn}dmT

Id = Φ (1) =
∫

σ(T )
dmT .
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Remark
If we suppose that, for λ, µ ∈ c0, the corresponding sets {λn : n ∈N}
and {µn : n ∈N} are infinite, then σ (Tλ) and σ

(
Tµ

)
are homeomorphic

and therefore we conclude that LTλ
∼= LTµ .

Aguayo, J., Nova, M. and Ojeda, J. Universidad de Concepción-Chile ()Representation theorem for operators on Free Banach spaces of countable type
Sixth International Conference on p-Adic Mathematical Physics and its Applications Mexico-City, October 23rd-27th, 2017 43

/ 49



Scalar measures and matrix representation

For any pair x , y ∈ c0, we define mx ,y : Ω(σ (T ))→ K by

mx ,y (C ) = 〈m(C )x , y〉 .

Clearly, mx ,y is a scalar measure

Since the inner product 〈·, ·〉 is continuous, we have

Φx ,y (f ) = 〈Φ (f ) x , y〉

and since
lim
α∈D

ωα(f ,mT , σ (T )) = Φ (f )

we conclude that∫
σ(T )

fdmx ,y =
〈(∫

σ(T )
fdm

)
(x) , y

〉
.
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Scalar measures and matrix representation

A particular, when x = ei and y = ej , the measure mei ,ej will be
denoted by mij and

Φij (f ) =
∫

σ(T )
fdmij =

〈(∫
σ(T )

fdm
)
(ei ) , ej

〉
.

Let us denote byM the space of all infinite matrices of the form
(Φij (f ))i ,j∈N

, i.e.,

M =
{
A (f ) = (Φij (f ))i ,j∈N

: f ∈ C ( (T ))
}
.

M is a Banach space with the norm

‖A (f )‖ = sup
i ,j∈N

|Φij (f )|
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Scalar measures and matrix representation

Since
sup
i ,j∈N

|Φij (f )| = sup
i ,j∈N

|〈H(ei ), ej 〉| = ‖H‖ = ‖f ‖,

we get that
‖A (f )‖ = ‖H‖.

Therefore,
M∼=LT

Theorem
Each operator in LT is represented as a matrix whose entries are integrals
defined by scalar measures.

Aguayo, J., Nova, M. and Ojeda, J. Universidad de Concepción-Chile ()Representation theorem for operators on Free Banach spaces of countable type
Sixth International Conference on p-Adic Mathematical Physics and its Applications Mexico-City, October 23rd-27th, 2017 46

/ 49



Scalar measures and matrix representation

Since
sup
i ,j∈N

|Φij (f )| = sup
i ,j∈N

|〈H(ei ), ej 〉| = ‖H‖ = ‖f ‖,

we get that
‖A (f )‖ = ‖H‖.

Therefore,
M∼=LT

Theorem
Each operator in LT is represented as a matrix whose entries are integrals
defined by scalar measures.

Aguayo, J., Nova, M. and Ojeda, J. Universidad de Concepción-Chile ()Representation theorem for operators on Free Banach spaces of countable type
Sixth International Conference on p-Adic Mathematical Physics and its Applications Mexico-City, October 23rd-27th, 2017 46

/ 49



J. Aguayo, M. Nova and K. Shamseddine, Inner product on
B*-algebras of operators on a free Banach space over the Levi-Civita
field, Indag. Math. (N.S.) 26 (2015), no. 1, 191-205.

J. Aguayo and M. Nova, Compact and Self-adjoint operators on Free
Banach Spaces of countable type, Advances in non-Archimedean
analysis, 1-17, Contemp. Math., 665, Amer. Math. Soc., Providence,
RI, 2016.

V. Berkovich, Spectral Theory and analytic geometry over
non-archimedean fields, Mathematical Surveys and Monograph, 33
AMS (1990).

B. Diarra, Bounded linear operators on ultrametric Hilbert spaces, Afr.
Diaspora J. Math., 8 (2009), no. 2, 173-181.

Aguayo, J., Nova, M. and Ojeda, J. Universidad de Concepción-Chile ()Representation theorem for operators on Free Banach spaces of countable type
Sixth International Conference on p-Adic Mathematical Physics and its Applications Mexico-City, October 23rd-27th, 2017 47

/ 49



A. K. Katsaras, On p-adic vector measure space, Journal of
Mathematical Analysis and Applications, 365 (2010), no. 1, 342-357.

A. Khochubei, Non-Archimedean normal operator, Journal of
Mathematical Physics, 51, http://dx.doi.org/10.1063/1.3293980
(2010).

L. Narici and E. Beckenstein, A non-Archimedean Inner Product,
Contemp. Math., 384, 187-202, Amer. Math. Soc., 2005.

A. van Rooij, Non-Archimedean Functional Analysis, Marcel Dekker,
New York, 1978.

M. Vishik, Non-Archimedean spectral Theory, J. Soviet Math., 30
(1985), 2513-2554.

Aguayo, J., Nova, M. and Ojeda, J. Universidad de Concepción-Chile ()Representation theorem for operators on Free Banach spaces of countable type
Sixth International Conference on p-Adic Mathematical Physics and its Applications Mexico-City, October 23rd-27th, 2017 48

/ 49



Thank you
Gracias

Aguayo, J., Nova, M. and Ojeda, J. Universidad de Concepción-Chile ()Representation theorem for operators on Free Banach spaces of countable type
Sixth International Conference on p-Adic Mathematical Physics and its Applications Mexico-City, October 23rd-27th, 2017 49

/ 49


